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Abstr act. A new method of verifying the subnormality of unbounded Hilbert 
space operators based on an approximation technique is proposed. Diverse 
sufficient conditions for subnormaUty of unbounded weighted shifts on directed 
trees are established. An approach to this issue via consistent systems of 
probability measures is invented. The role played by determinate Stieltjes 
moment sequences is elucidated. Lambert's characterization of subnormality 
of bounded operators is shown to be valid for unbounded weighted shifts on 
directed trees that have sufficiently many quasi-analytic vectors, which is a new 
phenomenon in this area. The cases of classical weighted shifts and weighted 
shifts on leafless directed trees with one branching vertex are studied. 



The theory of bounded subnormal operators was originated by P. Hahnos in 
|21j . Nowadays, its foundations are weU-devefoped (see see also |12) for a re- 
cent survey article on this subject). The theory of unbounded symmetric operators 
had been established much earlier (see |72| and the monograph |62J). In view of 
Naimark's theorem, these particular operators resemble unbounded subnormal op- 
erators, i.e., operators having normal extensions in (possibly larger) Hilbert spaces. 



The first general results on unbounded subnormal operators appeared in [6l and 
|19| (see also [53]). A systematic study of this class of operators was undertaken 
in the trilogy |57L I58L 159] . The theory of unbounded subnormal operators has in- 
timate connections with other branches of mathematics and quantum physics (see 
[671 [71 [3] and ^32, 56, 66l 133)). It has been developed in two main directions, the 
first is purely theoretical (cf. [59l IMl IMl flSl [6^ ITSl [TBI llTl [TOl [Til [2^ 
other is related to special classes of operators (cf. |13l 1341 1351 136) V In this paper, 
we will focus our attention mostly on the class of weighted shifts on directed trees. 

The notion of a weighted shift on a directed tree generalizes that of a weighted 
shift on the £^ space, the classical object of operator theory (see e.g., the monograph 
[42) on the unilateral shift operator, [50] for a survey article on bounded unilateral 
and bilateral weighted shifts, and |40| for basic facts on unbounded ones). In a 
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recent paper [23j . we have studied some fundamental properties of weighted shifts 
on directed trees. Although considerable progress has been made in this field, a 
number of fundamental questions have not been answered. Our aim in this paper 
is to continue investigations along these lines with special emphasis put on the 
issue of subnormality of unbounded operators, the case which is essentially more 
complicated and not an easy extension of the bounded one. The main difficulty 
comes from the fact that the celebrated Lambert characterization of subnormality 
of bounded operators (cf. |37| ) is no longer valid for unbounded ones (see Section 
13.21 see also [26] for a surprising counterexample). A new criterion (read: sufficient 
condition) for subnormality of unbounded operators has been invented recently in 
[9] . By using it, we will show that subnormality is preserved by the operation of 
taking a certain limit (see Theorem l3.1.2p . This enables us to perform the approx- 
imation procedure relevant to unbounded weighted shifts on directed trees. What 
we get is Theorem 15.2.11 which is the main result of this paper. It provides a cri- 
terion for subnormality of unbounded weighted shifts on directed trees written in 
terms of consistent systems of measures (which is new even in the case of bounded 
operators). Roughly speaking, for bounded and some unbounded operators hav- 
ing dense set of C°°-vectors, the assumption that C°°-vectors generates Stieltjes 
moment sequences implies subnormality. As discussed in Section 13.21 there are 
unbounded operators for which this is not true (the reverse implication is always 
true, cf. Proposition 13. 2.T|) . It is a surprising fact that there are non-hyponormal 
operators having dense set of C°°-vectors generating Stieltjes moment sequences. 
These are carefully constructed weighted shifts on a leafless directed tree with one 
branching vertex (cf. [26]). The same operators do not satisfy the consistency 
condition 2° of Lemma 14.2.31 and none of them has consistent system of measures. 

Under some additional assumption, the criterion for subnormality formulated 
in Theorem 15.2.11 becomes a full characterization (cf. Corollarv l5.2.3|) . This is the 
case in the presence of quasi-analytic vectors (cf. Theorem l5.4.1|) . which is the first 
result of this kind (see Section 15.41 for more comments) . 

It is worth mentioning that our method of proving Theorem 15.2.11 depends 
essentially on the passage through weighted shifts that may have zero weights. 

The assumption that all basic vectors coming from vertices of the directed tree 
are C°°-vectors diminishes the class of weighted shifts to which Theorem 15 . 2 . 1 1 can 
be applied. Note that there are weighted shifts on directed trees with nonzero 
weights, whose squares have trivial domain (directed trees admitting such patho- 
logical weighted shifts are the largest possible, cf. |25| ). Unfortunately, the known 
criteria for subnormality that can be applied to such operators seems to be useless 
(see Section [3. II for more comments). 

It was shown in [24] that, in most normal extension of a nonzero 

subnormal weighted shift on a directed tree !^ with nonzero weights could not be 
modelled as a weighted shift on a directed tree 3" (no relationship between !^ and 
!^ is required); the only exceptional cases are those in which the directed tree 
is isomorphic either to Z or to Z^-. 

Though our Theorem 15.2.11 provides only sufficient conditions for subnormality 
of weighted shifts on directed trees, in the case of classical weighted shifts it gives 
the full characterization (cf. Section 16. ip . The case of leafless directed trees with 
one branching vertex is discussed in Section 16.21 (see |26| for new phenomena that 
happen for weighted shifts on such simple directed trees). 
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2. Preliminaries 

2.1. Notation and terminology. Let Z, R and C stand for the sets of inte- 
gers, real numbers and complex numbers respectively. Define 

Z+ = {0,1,2,3,...}, N = {1,2,3,4,...} and M+ = {a; G M: a; ^ 0}. 

We write *8(R+) for the cr- algebra of all Borel subsets of R+. The closed support of 
a positive Borel measure /i on R+ is denoted by supp /i. We write for the Borel 
probability measure on R+ concentrated at 0. We denote by card(y) the cardinal 
number of a set Y. 

Let A be an operator in a complex Hilbert space Ji (all operators considered 
in this paper are linear). Denote by T){A) and A* the domain and the adjoint of 
A (in case it exists). Set 2)°°(A) = 0^=0 members of Ti°°{A) are called 

C°° -vectors of A. A linear subspace £ of 2) (A) is said to be a core of A if the graph 
of A is contained in the closure of the graph of the restriction A\£ oi A to £ . HA 
is closed, then f is a core of A if and only if A coincides with the closure of A\i:. 
A closed densely defined operator iV in H is said to be normal if N*N = NN* 
(equivalently: 2)(iV) = 2)(iV*) and ||Af*/i|| = ||7V/i|| for all h e V{N)). For other 
facts concerning unbounded operators (including normal ones) that are needed in 
this paper we refer the reader to [H I73j . A densely defined operator S* in H is said 
to be subnormal if there exists a complex Hilbert space K. and a normal operator 
N in K, such that "H C /C (isometric embedding) and Sh = Nh for all h e 2) (5). It 
is clear that subnormal operators are closable and their closures are subnormal. 

In what follows, B{H) stands for the C*-algebra of all bounded operators A in 
H such that 2) (A) — H. We write lin for the linear span of a subset F oiT-L. 

2.2. Directed trees. Let ^ = (V, E) be a directed graph (i.e., V is the set of 

all vertices of =5^ and E is the set of all edges of ,f7) . If for a given vertex u e there 
exists a unique vertex v &V such that (w, u) e i?, then we say that u has a parent 

V and write par(M) for v. Since the correspondence u par(u) is a partial function 
(read: a relation) in V , we can compose it with itself fc-times (fc G N); the result is 
denoted by par*"' (par" is the identity mapping on T^). A vertex w of ^ is called a 
root of 5^, or briefly v E Root(^), if there is no vertex u of ^ such that (m, v) is 
an edge of =5^. Note that if £^ is connected and each vertex v E V° := V \ Root(,$^) 
has a parent, then the set Root(,5^) has at most one element (cf. [23' Proposition 
2.1.1]). If Root(^) is a one-point set, then its unique element is denoted by root. 
We say that a directed graph .^J' is a directed tree if is connected, has no circuits 
and each vertex v G V° has a parent par(u). 

Let ^ = {V, E) be a directed tree. Set Chi(w) ^{v eV: (w, u) G E} for ueV. 
A member of Chi(M) is called a child (or successor) of u. We say that is leafless if 

V = V, where V := {u G V : Chi(u) ^ 0}. It is clear that every leafless directed 
tree is infinite. A vertex u G V is called a branching vertex oi ^ if card(Chi(u)) ^ 2. 

It is well-known that (see e.g., |23[ Proposition 2.1.2]) if 5^ is a directed tree, 
then Chi(w) n Chi(?;) = for all u^v gV such that u 7^ u, and 

(2.2.1) ^° = U Chi(M). 

(The symbol "|J" denotes disjoint union of sets.) For a subset C V^, we put 
Chi(W) = U^g^y Chi(v) and define Chi^">(I¥) = W, Chi<"+^>(VF) = Chi(Chi<">(VF)) 
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for neZ+ and Des(VF) = U^^o Chi<">(VF). By induction, we have 

(2.2.2) Chi<"+i>(VK) = U Chi<">({t;}), ri e Z+, 

DGChi(lV) 

(2.2.3) Chi<'">(Chi<">(M^)) = Chi<'"+">(Py), m,neZ+. 

We shall abbreviate Chi^"^({w}) and Des({M}) to Chi^"^(w) and Des(u) respectively. 
We now state some useful properties of the functions Chi^"^(-) and Des(-). 

Proposition 2.2.1. If is a directed tree, then 

(2.2.4) Chi<">(u) = {we V^: par"(w) =1*}, neZ+,ueV, 

(2.2.5) Chi<"+i>(w)= IJ Chi<">(i;), neZ+,ueV, 

ueChi(it) 

(2.2.6) Chi<"+^^(u)= IJ Chi(w), n e Z+, u e V^, 

i.echi<">(ti) 

CO 

(2.2.7) Des(u) = |J Chi<">(u), w € 

(2.2.8) Des(ui) n Des(M2) = 0, ui,U2 £ CW\{u), ui ^ U2, u e V. 

Proof. Equality (|2.2.4p follows by induction on n. Combining (|2.2.2p with 
the fact that the sets Chi^"^(u), u ^V, are pairwise disjoint for every fixed integer 
n > 0, we get Equality ([^X^ follows from the definition of Chi<"+^^('u) 

and (12.2.11) . Using the definition of par and the fact that has no circuits, we 
deduce that the sets Chi^"^(u), n e Z+, are pairwise disjoint. Hence, p.2.7p holds. 
Assertion p.2.8p can be deduced from p.2.4p and p.2.7p . □ 

Proposition 2.2.2 (f23' Corollary 2.1.5]). If ."^ is a directed tree with root, then 
V = Des(root) = \J^^^^ Chi<"> (root). 

2.3. Weighted shifts on directed trees. In what follows, given a directed 
tree ,'7 , we tacitly assume that V and E stand for the sets of vertices and edges of 
^ respectively. Denote by P{V) the Hilbert space of all square summable complex 
functions on V with the standard inner product (/, g) = X^mgv /('")5'('")- -for 
u G V^, we define e„ G (."^{V) to be the characteristic function of the one-point set 
{u}. Then {eu}„gy is an orthonormal basis of P{V). Set tSy = LlN{e„ : u € V}. 

Given A = {\v}vev° Q C, we define the operator Sx in £^{V) by 

^{Sx) ^ {f e f{V): A^f e e\V)}, 
Sxf = A^f, f e D(^a), 
where yl^- is the mapping defined on functions / : ^ C via 

fA„-/(par(?;)) xiveV", 
I if w = root . 



(2.3.1) {A,^f){v) 



We call Sx a weighted shift on the directed tree 3^ with weights A = {Xy\^^v° ■ 

Now we select some properties of weighted shifts on directed trees that will be 
needed in this paper (see Propositions 3.1.2, 3.1.3, 3.1.8, 3.4.1, 3.1.7 and 3.1.10 in 
In what follows, we adopt the convention that "Ylv^sz — 0. 
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Proposition 2.3.1. Let Sx be a weighted shift on a directed tree !J with weights 
A = {Xv}vev°- Then the following assertions hold: 

(i) Sx is closed, 

(ii) e„ e T>{Sx) if and only if J2vech\{u) |At.P < oo; if G 2)(S'a), then 
(2.3.2) SxCu = E Ai,ei, and ||5Ae„|p = ^ |A-oP, 

ijeChi(u) vGCh\{u) 



(iii) ^ (^a) ^ e^iV) if and only if Sy C D{Sx), 

(iv) if 'D{Sx) = ^"^{V), then Sy is a core of Sx, 

(v) Sx e B{£'^{V)) if and only if ax := sup„gy X]t,echi(«) l^t-P < oo; */ "^a e 

(vi) ifT){Sx) = 1^{V), then ^ 'D(5'a) a^d 

(2.3.3) 5*e. = .ey, 

10 if u = root, 

(vii) S'a is infective if and only if 3^ is leafless and X])jeChi(ji) l^uP > for 
every u £ V , 

(viii) if'D{Sx) = ('^{V) and At, 7^ /or aZ/ w e 1/°, then V is at most countable. 

2.4. Backward extensions of Stieltjes moment sequences. We say that 
a sequence {in}^o ^^^^ numbers is a Stieltjes moment sequence if there exists a 
positive Borel measure on such that 

/"OO 

tn — s"d/i(s), ri € Z+, 
Jo 

where means integration over the set M+; fi is called a representing measure 
of {^nlJ^Lo- ^ Stieltjes moment sequence is said to be determinate if it has only 
one representing measure. By the Stieltjes theorem (of. [511 Theorem 1.3] or [H 
Theorem 6.2.5]), a sequence {in}^o C K is a Stieltjes moment sequence if and 
only if the sequences {tn}^=o and {tn+i}^=o positive definite (recall that a 
sequence {tn}$^o C R is said to be positive definite if J2k i=()'tk+ic(kcn ^ for all 
ao, . . . , an € C and n g Z+). It is clear from the definition that 

(2.4.1) if {tn}^^ g is a Stieltjes moment sequence, then so is {tn+i}^—Q- 

The converse is not true in general. For example, the sequence of the form {tnjj^g = 
{to, 1, 0, 0, . . .} is never a Stieltjes moment sequence, but {t„-|_i}^g — {1, 0, 0, . . .} 
is (see Lemma r2.4.1l below for more detailed discussion of this issue). Moreover, if 
{i„}^g is an indeterminate Stieltjes moment sequence, then so is {t„+i}5^g (see 
Lemma [2.4.11 see also 1521 Proposition 5.12]). The converse implication fails to 
hold (cf. [521 Corollary 4.21]; see also [26]). 

The question of backward extendibility of Hamburger moment sequences has 
well-known solutions (see e.g., |74j and |65j ). Below, we formulate a solution of 
a variant of this question for Stieltjes moment sequences (see |23l Lemma 6.1.2] 
for the special case of compactly supported representing measures; see also |141 
Proposition 8] for a related matter). 

Lemma 2.4.1. Let {inlJ^Lo Stieltjes moment sequence and let § be a positive 
real number. Set t_i — i). Then the following are equivalent: 

(i) {tn-i}^=Q is a Stieltjes moment sequence. 
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(ii) {in-i}^o positive definite, 

(iii) there is a representing measure ^ o/{^n}5^Lo such thai^ id/i(s) ^ "d. 
Moreover, if (i) holds, then the mapping ^(){'d) 9 /i — > G defined by 

(2.4.2) ^^(a)= l^-^dfi{s)+(^- l^°^-^dfi{s))So{<j), ae^{R+), 
is a bijection with the inverse ^_i(i9) 9 — > /ijy G ^o{'&) given by 

(2.4.3) f^u{<j)^ I sdi^{s), creS(M+), 



where ^^{'d) stands for the set of all representing measures /i of {in}^o such 
that ■id/x(s) ^ d, and ^_i(??) for the set of all representing measures v of 
{^n-i}^o- particular, ^^({0}) = if and only if ^ d/x(s) = i?. 

// (i) holds and {t„}^o is determinate, then {t„_i}J^Q is determinate, the 
unique representing measure ^ o/{t„}^Q satisfies the inequality ■id/i(s) ^ 'd, 
and is the unique representing measure o/{t„„i}J^Q. 

Proof. Equivalence (i)<J4>(ii) follows from the Stieltjes theorem. 
(iii)^(i) Clearly, if /i e then tn-i = /g s" dt'p(s) for all n e which 

means that {tn-i}^o ^ Stieltjes moment sequence and e ^„i(t9). 
(i)^(iii) Take v e ^_i(i?). Setting fi := fi^ (cf. (|2.4.3p ). we see that 



(2.4.4) Ui^t(n+i)-i= \ s"sdi/(s)=/ s"d/i(s), n G Z+. 

JQ Jo 

It is clear that /i({0}) = and thus 



^^d^l{s)^ [ d^.(s) = K(o,oo)) 



(0,00) 

s°dKs)-K{0})=^?-K{0}), 

[0,00) 

which implies that J^^diJ.{s) ^ i). This, combined with (|2.4.4p . shows that 
G ^o('?)- Since J^(M+) = d, we deduce from (|2.4.2I) and the definition of /i that 

'^^{<y)= f -d^i{s) + U- f -d^i{s))s„{an{0}) 

Ja\{0} S ^ Jo S I 

= z/(a \ {0}) + (z? - K(0, oo)))<5o(a n {0}) 

= v{g \ {0}) + vm)^o{o n {0}) = v{a), a G *B(K+), 

which yields v^ = v. 

We have proved that, under the assumption (i), the mapping 9 /i — > 

i'^ G >^_i(z?) is well-defined and surjective. Its injectivity follows from the equality 



Ai(a) = Ai(c7 \ {0}) - / sdi/^(s), a G *B(M+), G ^o(^9). 

Ja\{0} 

This yields the determinacy part of the conclusion. □ 



^ We adhere to the convention that i := 00. Hence, Jg°° i dM(.5) < 00 imphes /x({0}) = 0. 
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Remark 2.4.2. Let us discuss some consequences of Lemma 12.4.11 Suppose that 
{tn}^=o ^ determinate Stieltjes moment sequence with a representing measure 
fj,. If ^dfi{s) = oo (e.g., when /i({0}) > 0), then the sequence {i},to,ti, . . .} is 
never a Stieltjes moment sequence. In turn, if ^ d /j,(s) < c», then the sequence 
{■d,to,ti, . . .} is a determinate Stieltjes moment sequence ii d ^ \ d/x(s), and 
it is not a Stieltjes moment sequence if i9 < -j d /i(s). 

Remark 2.4.3. Under the assumptions of Lemma l2.4.11 if {in-i}J^o ^ Stieltjes 
moment sequence and to > 0, then t„ > for all n G and 

sup / - d/z(s) s; e ^o{d). 

Indeed, since > and m({0}) — 0, we verify that t„ > for all n G Z+. By the 
Cauchy-Schwarz inequality, we have 

t^^f/ s-V^s"+VMAi(s)) s$ / -d/i(s) / nGZ+. 

Note that if {in}J^o indeterminate, then there is a smallest d for which the 
sequence {tn-i}^o ^ Stieltjes moment sequence (see j26| for more details). 

3. A General Setting for Subnormality 

3.1. Criteria for subnormality. The only known general characterization 
of subnormality of unbounded Hilbert space operators is due to Bishop and Foia§ 
(cf. [6l I19j ; see also |64j for a new approach via sesquilinear selection of elementary 
spectral measures). Since this characterization refers to semispectral measures (or 
elementary spectral measures), it seems to be useless in the context of weighted 
shifts on directed trees. The other known criteria for subnormality require the 
operator in question to have an invariant domain (with the exception of [68j ). Since 
a closed subnormal operator with an invariant domain is automatically bounded 
(see [38[ Lemma 2.2(ii)], see also |44|, I43j ) and a weighted shift operator S\ on a 
directed tree is always closed (cf. Proposition 12 . 3. Il (i) ) . we have to find a smaller 
subspace of T>{S\) which is an invariant core of Sx. This will enable us to apply 
the aforesaid criteria for subnormality of operators with invariant domains in the 
context of weighted shift operators on directed trees (see Section [O)) . 

We begin by recalling a characterization of subnormality invented in [9] . 

Theorem 3.1.1 ([9l Theorem 21]). Let S be a densely defined operator in a com- 
plex Hilbert space % such that S{T>(S)) C T)(S). Then the following conditions are 
equivalent: 

(i) S is subnormal, 

(ii) for every finite system {aj^f^jpfg^o;;;;™ C C, if 

m n 

(3.1.1) E A, zi, . . . , z„ G C, 

then 

m n 

E E (^''/. , ^ V, ) ^ 0, A ,...,/„, G 2) (^) . 
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Using the above characterization, we show that some weak-type hmit procedure 
preserves subnormahty (this can also be done with the help of either [581 Theorem 
3] or '61' Theorem 37] ; however these two characterizations take more complicated 
forms). This is a key tool for proving Theorem 15.2. II 

Theorem 3.1.2. Let {Suj}ujen be a net of subnormal operators in a complex Hilbert 
space % and let S he a densely defined operator in %. Suppose that there is a subset 
X of % such that 

(i) A'C2)°°(^)naer,2)°°(5.), 

(ii) F := LiNU5r=o -S^C-^) *s a core of S, 

(iii) {S"^x, S''y) = lim„gr2('S'™2:, S'^y) for all x,y e X and m,n eZ+. 
Then S is subnormal. 

Proof. Set = linIJ^q S'^'(A') for w g i7. It is clear that Suj\t^ is a 
subnormal operator in with an invariant domain. 

Take a finite system {ap''g}p''g^o ■'™ of complex numbers satisfying p.l.ip . Let 
/i, . . . , fm be arbitrary vectors in J^. Then for every i G {!,..., m}, there exists 
a positive integer r and a system {Cx \ ■ x ^ X , k = 1, . . . , r} oi complex numbers 
such that the set {x £ X: ^ 0} is finite for every fc S {1, . . . , r}, and fi = 

H.ex ELi C^:l^'^- Set = Y..^^ 111=1 for z e {1, . . . , m} and c e 

fl. Then fi,^^ € T^i for alH € {!,..., m} and w G J7. Applying Theorem 13.1.11 to 
the subnormal operators SJ\j:^., we get 

TCI n m n r 

E E «p.^w-^'/^-)= E E E E«P,^c2icS(5^+'=^,5'+'y> 

— l p,q—0 i J — 1 P-Q— x,y^P(^ k,l — l 

rn n r 

='i™E E E T.^</^l^i(S^'-^S^^y) 

— l p,q—0 x.y^X k,l—l 

m n 

= ^ «P'.9(^S/.,-, Slf,^^) ^ 0. 

ij = l P,9=0 

This means that the operator S\jr satisfies condition (ii) of Theorem 13.1.11 Since 
S\j: has an invariant domain, we deduce from Theorem l3 . 1 . II that S'jjF- is subnormal. 
Combining the latter with the assumption that J" is a core of 5, we see that S itself 
is subnormal. This completes the proof. □ 

We say that a densely defined operator S* in a complex Hilbert space Ti. is cyclic 
with a cyclic vector e E H ii e E D°°(5) and LiN{5'"e: n = 0, 1, . . .} is a core of S. 

Corollary 3.1.3. Let {Suj}uen be a net of subnormal operators in a complex Hilbert 
space % and let S be a cyclic operator in % with a cyclic vector e such that 

(i) eE(}^^^'D^{S^), 

(ii) (5^6, S'"e) = lim^ef2(S'™e, S^e) for all m,nEZ+. 
Then S is subnormal. 

The following fact can be proved in much the same way as Theorem 13. 1.21 

Proposition 3.1.4. Let S be a densely defined operator in a complex Hilbert space 
H. Suppose that there are a family {Huj}uGn of closed linear subspaces of H and 
an upward directed family {X^}^^q of subsets ofH such that 
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(i) C D°°{S) and C for all 71(^1.+ and uj e fl, 

(ii) Tt^ :~ lin1J,^q S'^(XS) is dense in Hu} for every lu G f2, 

(iii) S\j^^ is a subnormal operator in for every uj d f2, 

(iv) T LiNUr=o S^iU^en^^) « core ofS. 
Then S is subnormal. 

Proof. Clearly, the families {J-u:}ujen and {'Huj}ijen are upward directed, 
S{J^uj) C 7"^ for all w e J7, J" = Ucjefi-^i^ ^^'^ ^i-^) ^ Hence, we can argue as 
in the proof of Theorem 13.1.21 □ 

3.2. Necessity. We begin by recalling a well-known fact that C°°-vectors of 
a subnormal operator always generate Stieltjes moment sequences. 

Proposition 3.2.1. If S is a subnormal operator in a complex Hilbert space %, 
then D°°(S') = ^iS), where ,9'{S) stands for the set of all vectors f G 'D'^{S) such 
that the sequence {||>5'"/|P}^q is a Stieltjes moment sequence. 

Proof. Let be a normal extension of S acting in a complex Hilbert space 
/C D H and let E be the spectral measure of N . Define the mapping C — ?> E_|. by 
— z e C. Since evidently D°°{S) C 'D°°{N), we deduce from the measure 
transport theorem (cf. [5l Theorem 5.4.10]) that for every / S D^{S), 

\\S''ff = \\N^ff = [ z^E{dz)ff 

zr{E{dz)f,f)^ I f\F{dt)f,f), neZ+, 
Jo 

where F is the spectral measure on R+ given by F(cr) — E{(j)~^{a-)) for a E *8(M+). 
This implies that T>°°{S) C y{S). □ 

Note that there are closed symmetric operators (that are always subnormal due 
to [U Theorem 1 in Appendix 1.2]) whose squares have trivial domain (cf. [411 18]). 

It follows from Proposition l3 . 2 . 1] that if S' is a subnormal operator in a complex 
Hilbert space T-L with an invariant domain, then S is densely defined and D{S) = 
:S^{S). One might expect that the reverse implication would hold as well. This is 
really the case for bounded operators (cf. [37]) and for some unbounded operators 
that have sufficiently many analytic vectors (cf. ^58. Theorem 7]). In Section 
we show that this is also the case for weighted shifts on directed trees that have 
sufficiently many quasi-analytic vectors (see Theorem 15. 4. ip . However, in general, 
this is not the case. Indeed, one can construct a densely defined operator N in 
a complex Hilbert space H. which is not subnormal and which has the following 
properties (see [TOl l49l [54] ) : 

(3.2.1) 7V(D(iV)) C D(iV), D(iV) C D(iV*), N*{T){N)) C 2)(iV) 

(3.2.2) and N*Nf = NN*f for aU / e D{N). 

We show that for such N, V{N) = y{N). Indeed, by (PXT|) and (jX^ . we have 



fc,;=o k,i=a k=o 



^0, 



for all / e "DIN)^ n e Z+ and ag, . . . , a„ G C, which means that the sequence 
{ll^"/ll^}^=o is positive definite for every / e D(iV). Replacing / by Nf, we 
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see that the sequence {|| Af"'^^/|p}^o positive definite for every / e D{N). 
Applying the Stieltjes theorem, we conclude that D{N) — ,5^{N). 

4. Towards Subnormality of Weighted Shifts 

4.1. Powers of weighted shifts. Let ^ ~ (^i^) be a directed tree. Given 
a family {\v\vev° of complex numbers, we define the family {Xu\v\u£V,v£Des{u) by 



(4.1.1) A„|„ 



1 \i V = u, 

^n"Jo \3r^(v) if « e Chi<"^(u), n ^ 1. 
Note that due to (12.2.71) the above definition is correct and 

(4.1.2) A„|^ = \u\v^w, w e Chi(t>), V e Des(u), u ^V, 

(4.1.3) \3r(v)\w = At,A„|^, V eV°,w e Des(v). 

The following lemma is a generalization of [231 Lemma 6.1.1] to the case of un- 
bounded operators. Below, we maintain our general convention that X]i>e0 ~ 

Lemma 4.1.1. Let Sx be a weighted shift on a directed tree 3' with weights X ~ 
{\i}vev° ■ Fix u (zV and n € Z+. Then the following assertions hold: 

(i) Cu G D{S^) if and only ifJ2v£Ch\<'^'i{u) l-^uluP < °o /''^ integers m such 
that 1 ^ m ^ n, 

(ii) z/e„ e TICS';;), then 5^e„ = E,;eChi<">(«) ^u\v Sv, 

(iii) z/e„ e ^{Sl), then ||5Xe„f = E.eChi<">(«) 

Proof. For k e Z^., we define the complex function A^|_ on V by 

(4.1.4) if«eChi('=>(.) 

^ ^ "I" [0 if we y\Chi<'=^>(w). 



We shall prove that for every k e Z+, 



(4.1.5) e„ e ©(S'^) if and only if ^ |A„|„|^ < oo for m = 0, 1, . 



and 

(4.1.6) if e„ e 23(5^), then 5^e„ = A<^'|^ 

We use an induction on k. The case of fc = is obvious. Suppose that (|4.1.5p 
and (|4.1.6p hold for all nonnegative integers less than or equal to k. Assume that 
e„ G D(5^). Now we compute yl,3?(5^e„). It follows from the induction hypothesis 
and (|4.1.4p that 

fc. / A„(S'^e„)(par(w)) if v e V° , 



10 if V = root, 

[AaiiLM if PaK^^) e Chi^^->(7.), 



otherwise, 



Hp! fA„A„|p3r(„) if w e Chi^'^'+i>(u), 
I otherwise. 
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1 otherwise, 

u\v ^ ' 

which shows that A^{S^eu) = A^„*'|?'^^ This in turn imphes that (|4X5|) and (|4T6l) 
hold for fc + 1 in place of k. This proves (i) and (ii). Assertion (iii) is a direct 
consequence of (ii). □ 

In the context of weighted shifts on directed trees, the key assumption (iii) of 
Theorem 13. 1.2 1 can be verified by using the following relatively simple criterion that 
may be of independent interest. 

Proposition 4.1.2. // A^*^ = |Ai*^}^^^„, i — 1,2,3,..., and A = {Xy}y^v° 
families of complex numbers such that 

(i) c a5-(5A) n a=i 2)°°(5;,(.)), 

(ii) limi^oo aI*'' = A„ for all v & V° , 

(iii) limi_5.oo ||'5'^<i> eu|| = ||'S'^eti|| for all n G Z+ and u ^V, 

then 



(4.1.7) {STeu,Sle^) = lim (5??,) e„, 5"<,) e„), u,veV, m,ne 



Proof. We split the proof into two steps. 

Step 1. If A = {\v}vev° is a family of complex numbers such that C 
T)°"{S\), then for all m,n E Z+ and u, v £ V, 

(O if C™'"(u,w) = 0, 

(4.1.8) {S^'eu,Sle,) ^ Ix^WS^euW^ if C'"'"(u, «) and to < n, 

[K\v \\Sxev\\^ if C'"'"(ii,w) 7^ and to > n, 

where C™'"(u,u) Chi<™> (u) n Chi<"> (w). 
Indeed, it follows from Lemma [4 . 1 . 1 1 that 

{S^xCut Sx&v) = ^ ^ ^ A„|„/ e„', ^ ^ Aui^j/Ci,'^ 

(4.1.9) 

/ ^ A^i^/A^i^i'. 

Hence, if C'"'"(m, u) = 0, then the left-hand side of (|4.1.8p is equal to as required. 
Suppose now that C™'"(m, v) ^ and m ^ n. Then 

(4.1.10) C"^"(u,i;) = Chi<™>(u). 

To show this, take w E C"'"(u, v). Then, by ([23^ . it = par™(w) and 

i; = par"(iy) = par"-"(par'"(u>)) = par"-'"(u), 
which, by (|2.2.4p again, is equivalent to 

(4.1.11) u e Chi<"-">(i;). 
This implies that 

(4.1.12) Chi<™>(u) C Chi<'">(Chi<"-'">(z;)) ^ Chi<">(t;). 
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Thus (|4.1.10p holds. Next, we show that 

(4.1.13) A,|„, = A„|„,A„|„, ?/'eChi<™>(u). 

It is enough to consider the case where m ^ 1 and n > m. Since u' G Chi^'"^(?i), 
we infer from (14.1. 12p that u' e Chi<">(i;). Moreover, by (|4.1.1ip . u £ Chi<"""'> (i;). 
All these facts together with (14.1.11) imply that 

71 — 1 ra—1 n— 1 

^v\u' = Y\ AparJ(ti') — Aparj(M') \ar^u') 

, , n-m-1 n-m-1 

t4XT1 l TT \ . J2j:4t TT X . \ \ 

II '^parJ (par"^(u')) ^u|'u' II ^parJ (li) u' '^tjIu ; 

j=0 J=0 

which completes the proof of (j4. 1.131) . Now applying (j4.1.9p . (|4. 1.101) . (|4.1.13p and 
Lemma |4. 1 . 1 I fiii) . we obtain 

•u'GChi<">(u) 

l| 4.1^13 ( ^ \ ^ |2_i; llcm^ ||2 

«'eChi<™>(M) 

Taking the complex conjugate and making appropriate substitutions, we infer from 
the above that (5^"e„, S'^e^,) = A„|„ ||5£e^,||2 if C'"'"(m,u) 7^ and m > n, which 
completes the proof of Step 1. 

Step 2. Under the assumptions of Proposition l47l.21 equality (|4.1.7p holds. 

Indeed, it follows from (ii) that 

(4.1.14) lim A<;|^ = A„,„ US l/,we Des(w), 

where {A^^|,J„gy^^,gDes(«) is the family related to {^v}^^y, via (|4.1.ip . Now, ap- 
plying Step 1 to the operators S^ii) and S'a (which is possible due to (i)) and using 
(|4.1.14p and (iii), we obtain (|4.1.7p . □ 

4.2. A consistency condition. The following is an immediate consequence 
of Proposition 13.2.11 

Proposition 4.2.1. Let S\ be a weighted shift on a directed tree with weights 
= {Aiijugyo such that Sy C 1)°°(S\). If Sx is subnormal, then for every u V 
the sequence {||>5'^e,j||^}^g is a Stieltjes moment sequence. 

The converse of the implication in Proposition l4.2.l] is valid for bounded weight- 
ed shifts on directed trees. 

Theorem 4.2.2 ([23l Theorem 6.1.3]). Let Sx e B{P{V)) be a weighted shift on 
a directed tree £^ with weights A — {Xv}vev° ■ Then Sx is subnormal if and only if 
{||5£e„|p}^Q is a Stieltjes moment sequence for every u G V . 

The case of unbounded weighted shifts is discussed in Theorem 15.4.11 
If 5a is a subnormal weighted shift on a directed tree then in view of 
Proposition 14.2.11 we can attach to each vertex u Q V a representing measure 
Hu of the Stieltjes moment sequence {||S'5^eu|P}^o (of course, since the sequence 
{||S'5^e„||^}^o is not determinate in general, we have to choose one of them); note 
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that any such fiu is a probabihty measure. Hence, it is tempting to find relationships 
between these representing measures. This has been done in the case of bounded 
weighted shifts in [231 Lemma 6.1.10]. What is stated below is an adaptation of 
this lemma (and its proof) to the unbounded case. As opposed to the bounded 
case, implication 1° 2° of Lemma [4.2.31 below is not true in general (cf. [26]). 

Lemma 4.2.3. Let Sx be a weighted shift on a directed tree with weights 
= {A^liigyo such that C T>^{Sx)- Let u e V . Suppose that for every 
V e Chi(u) the sequence {H^JJenlPl^g is a Stieltjes moment sequence with a rep- 
resenting measure fi^ . Consider the following two condition^. 

1° {||*S'^eti||^}j^Lo ^ Stieltjes moment sequence, 

2° satisfies the consistency condition at the vertex u, i.e., 



(4.2.1) V |A.f 



Jo s 



Then the following assertions are valid: 

(i) if 2° holds, then so does 1° and the positive Borel measure fi^ on M_|_ 
defined by 

(4.2.2) Hui<y)^ |A.|' / -dAi,(s)+e„<5o(fT), a G »(]»+), 



with 

1 

s 



(4.2.3) e„ = l- V |A,|^ / -dM.(s) 



ueChi(M) 



is a representing measure of {\\S^eu\\'^}'^^=Q, 
'a 

moment sequence {||'S'5^e„|p}5^Q is determinate and its unique represent- 
ing measure fiu is given by (14.2.21) and (|4.2.3p . 



(ii) ifl° holds and {|l'S'^^^e„|p}5^o determinate, then 2° holds, the Stieltjes 



Proof. Define the positive Borel measure ^ on M_|_ by 

Mlivicj), ae«(R+). 

It is a matter of routine to show that 



nOO poo 

/ /dM= V |A,|M fA^Ji, 

Jo N "'0 



(4.2.4) 

for every Borel function /: [0, oo) — > [0, oo]. Using the inclusion Sy C D°°(S'a) and 
applying Lemma |4. 1 . ll (iii) twice, we obtain 

tueChi<"+i>(u) 

= 1^ 1^ |A«1«-I 

t)GChi(ti) u,gChi<">(t)) 



We adhere to the standard convention that • oo = 0; see also footnote [T] 
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This implies that 

poc . . poo 

.echi(«) ^0 

Hence the sequence {||S'^^^e„|p}^o is a Stieltjes moment sequence with a repre- 
senting measure /i. 

Set tn = ||S'A'''^e«lP for n e Z+, and t_i 1. Note that 

= ||5^e„||2, neZ+. 

Suppose that 2° holds. Then, by (|iXT|) and we have ^ d/x(s) ^ 1. 

Applying implication (iii)=^(i) of Lemnia l2.4.1[ we see that 1° holds, and, by (14.2.41) . 
the measure /i„ defined by (|4.2.2I) and (14.2.31) is a representing measure of the 
Stieltjes moment sequence {||<S'^ei,|p}^Q. 

Suppose now that 1° holds and the Stieltjes moment sequence {||<S'^'''^e„|p}5iJ^o 
is determinate. It follows from implication (i)=>(iii) of Lemma [2.4.11 that there is 
a representing measure n' of {||'S'^'''^e„|p}^o such that id^'(s) ^ 1. Since 
{||S'^'''^e„|p}^g is determinate, we get fi' — fi, which implies 2°. The remaining 
part of assertion (ii) follows from the last assertion of Lemma 12.4.11 □ 

Now we prove that the determinacy of appropriate Stieltjes moment sequences 
attached to a weighted shift on a directed tree implies the existence of a consistent 
system of measures (see also Corollarv l5.2.3p . As shown in [26], Lemma [4 . 2 . 41 below 
is no longer true if the assumption on determinacy is dropped (though, by Lemma 
I5.1.2l fiv). the converse of Lemma 14.2.41 is true without assuming determinacy). 

Lemma 4.2.4. Let Sx be a weighted shift on a directed tree with weights 
^ — {^v}v<£V° such that C D°°{Sx). Assume that for every u € V' , the se- 
quence {jl'S']^e„|p}^g is a Stieltjes moment sequence, and that the Stieltjes moment 
sequence^ {\\S^ 6u||^}J^q is determinate. Then there exist a system {/iujuGV of 
Borel probability measures on and a system {eu}uev of nonnegative real num- 
bers that satisfy ()4.2.2p for every u . 

Proof. By Lemma [2.4.11 the Stieltjes moment sequence {||<5'^e„||^}^o 
terminate for every u ^ V . For u e y, we denote by the unique representing 
measure of {H-S'^eiilPlJ^Q. li u <^ V \ V' , then we put ~ 5q. Using Lemma 
14.2.31 (11). we verify that the system {^u}u£V satisfies (|4.2.2p with {eu}uev defined 
by (|4.2.3I) . This completes the proof. □ 

4.3. A hereditary property. Given a weighted shift Sx on =^5^, we say that 
a vertex u £ V generates a Stieltjes moment sequence (with respect to 5a) if 
e„ G D°°{Sx) and the sequence {H-S'^eulPlJ^Q is a Stieltjes moment sequence. We 
have shown in Lemma 14.2.31 that in many cases the parent generates a Stieltjes 
moment sequence whenever its children do so. If the parent generates a Stieltjes 
moment sequence, then in general its children do not do so (cf. [23', Example 6.1.6]). 
However, if the parent has only one child and generates a Stieltjes moment sequence, 
then its child does so. 



3 see I I2.4.1II 
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Lemma 4.3.1. Let S\ be a weighted shift on a directed tree £^ with weights 
A = {Xv}vev° and let uq,ui d V be such that Chi(uo) = {wi}- Suppose that 
Bug G Tl'^^Sx), {IIS'^etjplPl^Q is a Stieltjes moment sequence and ^ 0. Then 
G D°°{Sx) and {||<S'xe,ji ||^}J^g is a Stieltjes moment sequence. Moreover, the 
following assertions hold: 

(i) the mapping (A) 3 [i ^ ^ ^^^(X) defined by 

P/.W = |AuJ'^idAt(s)+(l-|A,j2^ idA*(s))(5o(a), a e »(M+), 
is a bijection with the inverse (A) 3 p ^ p.p E -^ui (•^) given by 

where ^^^(A) is the set of all representing measures fi of {WS'^CuiW^J^^q 
such that ^d/i(s) ^ J>r^' '^"■'^ -^uaiX) is the set of all representing 
measures p of {WSleuoW^jn^o, 

(ii) if the Stieltjes moment sequence {||<S']^e„Jp}^o is determinate, then so 
are {H^r'e.o |p},T=o and {\\Sle^„r}?^^,. 

Proof. Since e„(, e X)°°(S'a), Chi(uo) = {ui} and A„i ^ 0, we infer from 
(PXa that = .^Sxeuo e T>'=°{Sx) and thus 

The last equahty and Lemma [2.4.11 apphed to z9 = 1 and t„ = ll'S'^^^'^euQ |p (n £ Z+) 
complete the proof. □ 



5. Criteria for Subnormality of Weighted Shifts 

5.1. Consistent systems of measures. In this section we prove some impor- 
tant properties of consistent systems of Borel probability measures on R+ attached 
to a directed tree. They will be used in the proof of Theorem l5.2.1l 

Lemma 5.1.1. Let £^ be a directed tree. Suppose that {Xv}vgv° is a system of 
complex numbers, {Sv}vev is a system of nonnegative real numbers and {pv}vev 
is a system of Borel probability measures on satisfying ()4.2.2I) for every u £ V . 
Then the following assertions hold: 

(i) for every uGV, E„eChi(u) l^t^P /o°° 7 d^^,(s) 1 and 

f°° 1 

£„ = 1 - ^ / -d^„(s), 

t)6Chi(«) * 

(ii) for every u £V , A*ti({0}) = if and only if Eu = 0, 

(iii) for every v G V° , if Xy 0, then Pvi{0}) = 0, 

(iv) for every u £ V , 

(5.1.1) M„(a)= J2 \K\v? f ^dpy{s)+eu6o{a), a e *8(M+), n ^ 1. 

!;eChi<">(u) 
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Proof, (i) Substitute ct = M+ into ()4.2.2|) and note that ^«(M+) = 1. 
(ii) & (iii) Substitute a = {0} into ()4.2.2|) . 

(iv) We use induction on n. The case of n = 1 coincides with (|4.2.2p . Suppose 
that (|5.1.ip is vahd for a fixed integer n ^ 1. Then combining (14.2.21) with (15.1.11) . 
we see that 



(5.1.2) M,(^)= E E \W f ^dfiUs) 

•ueChi<">(n) w<£Ch\{v) 

+ E |An|.|' / 4rd(e-'5o)(s)+e„<5o(a), a e »(M+). 
i,echi<">(u) "^"^ ^ 

Since /i„ is a finite positive measure and n ^ 1, we deduce from (j5.1.2p that £„ = 
whenever A„|i, ^ 0, and thus 

(5.1.3) E f ^d{eJo){s) = 0. 
tieChi<">(«) 

It fohows from ([5X^ and ((5X^ that 



■uGChi<">(M) M)eChi(i)) 
l2.2.6l fc i4X2l 



ioeChi(" + i>(«) 

This completes the proof. □ 

Lemma 5.1.2. Let £^ be a directed tree. Suppose that A = {A^}t,gyo is a system 
of complex numbers, {£„}^gy is a system of nonnegative real numbers and {fJ-v}vev 
is a system of Borel probability measures on satisfying (|4.2.2p for every u . 
Let S\ be a weighted shift on the directed tree with weights A. Then the following 
assertions hold: 

(i) for all u V and n G N, 



(5.1.4) 



/ s"d^„(s)= E \^u\v 



?)echi<">(u) 



(ii) if Chi^"^(M) = for some u E V and n E N, then iiy ~ 6o for all 
V e Des(M), 

(iii) lov C D°°{Sx) if and only if s" d /iu(s) < oo for all n € Z_|_ and u E V , 

(iv) if igy Q T>°°{Sx), then for all u E V and nEZ+, 



(5.1.5) II^Ae.ir = / s"d/i«(s), 

(v) S B{£'^{V)) if and only if there exists a real number M ^ such that 
supp/i„ C [0, M] for every u E V. 

Proof, (i) Substituting a — {0} into (jS.l.ip . we see that for every v E 
Chi<">(M), either A„|^, = 0, or A„|„ ^ and ^^-^({O}) = 0. This and ([5XT|) lead 
to (i5T4ll . 
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(ii) It follows from ()5.1.4|) that Jq°° s" d/iu(s) — (recall the convention that 
J2v£0 ~ 0). This and n ^ 1 implies that ^u{{^, oo)) — 0. Since /i„(K+) = 1, we 
deduce that /i„ = 5a. 

If w e Des(u) \ {w}, then by p.2.7p there exists fc e N such that v E Chi^''^^(u). 
Since Chi(-) is a monotonically increasing set-function, we infer from (12.2.31) that 
Chi^"'^(?;) C Chi^"'*''^^ (u) = 0. By the previous argument applied to v in place of u, 
we get iiy = Sq. 

Assertions (iii) and (iv) follow from (i) and Lemma [4. 1.11 

(v) To prove the "only if" part, note that 

lim ( r."d/i„(s))'^" ^ lim (ii5^„ir/")2 \\s^r, 

which imphes that supp /x^ C [0, ||5a||^] (cf. |46|. page 71]). The proof of the 
converse imphcation goes as follows. By (|5.1.4D . we have 



V |Ai,p= / sd^„(s)<M, we 

■r-u:.,.^ "'0 



which in view of ProDOsition l2.3.1l (v) implies that 5a e B{i^{V)) and ||5a|| ^ VM- 
This completes the proof. □ 

5.2. Arbitrary weights. After all these preparations we can prove the main 
criterion for subnormality of unbounded weighted shifts on directed trees. It is 
written in terms of consistent systems of measures. 

Theorem 5.2.1. Let Sx be a weighted shift on a directed tree £^ with weights 
A = {Aujugyo such that Sy C 1)°°(S\)- Suppose that there exist a system {nv}vev 
of Borel probability measures on R_|_ and a system {e„}„gv' of nonnegative real 
numbers that satisfy (|4.2.2p for every w e V^. Then Sx is subnormal. 

Proof. For a fixed positive integer z, we define the system A^'^ = {'^''^lueyo 
of complex numbers, the system {fJ'v^}^^y of Borel probability measures on 
and the system {el*^}^^^ of nonnegative real numbers by 



(5.2.1) AV = < ]] lJ'par{v)([0,l\) veV , 

[O if MparH([0,z]) =0, 

{IJ,y{an[0,i]) 
^^'^"(^^'^J)^^' ae»(R+),«ey, 
So{<j) if M.([0,z]) = 0, 

(5.2.3) e« = (;:») if^^([0'^])>0' .eV. 

Our first goal is to show that the following equality holds for all u e F and i G N, 

(5.2.4) /x«(a)= E |A<;f ^idAi«(s)+£«<5o(a), a e »(M+). 
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For this u E V and i G N. If fj,u{[0,i]) ~ 0, then, accordmg to our definitions, 
we have Ai*^ = for all v £ Chi(w), fi'u = 5q and el*^ = 1, which means that the 
equality (I5.2.4|) holds. Consider now the case of /^„([0, i]) > 0. It follows from 
(IT^ that 

(5.2.5) M«('^n[0,i])- J2 -Aii,{s) + e,Ma), a € 

If u e Chi(u) (equivalently: u = par(t;)), then by (j5.2.ip and (j5.2.2p we have 



|A„P f 1 



'\\^:\^ if/i.([0,z])>0, 
(5.2.6) ■''-n[o,<] 5 |o if /^,([0, i]) = 0, 

|A«p/id;.«(.), 



Jcrnlo.il ^ 



where the last equality holds because )\v = whenever /ii,([0, i]) = 0. Dividing 
both sides of (15.2.51) by /x„([0,i]) and using (|5.2.6p . we obtain (|5.2.4p . 

Let S^{i) be the weighted shift on with weights A^'\ Since, by (15.2.21) . 
supp ^ [0, i] for every it € P^, we infer from (j5.2.4p and Lemma l5.1.2l (v). applied 

to the triplet (A<*\{^i'^}„gy,{ei'^ }„£!/), that S^(,) e B{e{V)). In turn, (ISXil) 
and Lemma I5.1.2l (iv) (applied to the same triplet) imply that for every u £ V ^ 

{||5'^(i)e„|p}^o is a Stieltjes moment sequence (with a representing measure /ill^). 
Hence, by Theorem 14. 2. 2[ the operator S)^{i) is subnormal. 

Since u £ V , are Borel probability measures on we have 

(5.2.7) lim /x„([0,i]) = 1, ueV. 

Hence, for every u E V there exists a positive integer k„ such that 

(5.2.8) /i„([0,i]) > 0, ^eN, 
Note that 

(5.2.9) limAi'>=A„, w e 



Indeed, if w e then (jgXT]) and (|0:5| yield aI*^ A„./^^i2M)_ for all integers 



« > Kpar(i,). This, combined with (|5X7l) . gives ([Qj]) . By (|5X2l) . ([53:8| . ([SXijl 
and Lemma l5. 1 .2l fiv) . applied to S^{i) , we have 



II^A«e«ll'= / ^"dAi«(s) = — ^— - / s"dAi„(s), neZ+,i^K„, liGF. 
This, together with (|5.2.7p and Lemma r5.1.2l fiv). now applied to S'a, implies that 

/>oo 

(5.2.10) YiuY \\Sl,,euf ^ s" d//„(s) = ||51'e„f , n e Z+, 7/ e K 

It follows from (|5.2.9p . (|5.2.10l) and Proposition HXl that (|4.1.7I) holds. According 
to Proposition 12. 3. ll fiv). is a core of ^a- Hence lin IJ^q S'^((IV) is a core of 
Sx as well. Applying (|4.1.7p and Theorem l3.1.2l to the operators {S';j^(i)}^i and S\ 
with A" := {e„ : u e completes the proof of Theorem 15. 2. II □ 
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Remark 5.2.2. In the proof of Theoreni l5.2.1l we have used Proposition l4. 1 . 2l which 
provides a general criterion for the vahdity of the approximation procedure ()4.1.7p . 
However, if the approximating triplets (A^'\ {el*^}i,gy), i ~ 1,2,3,..., 

are defined as in (15.2. 1|) . (|5.2.2p and (|5.2.3p . then 

(5.2.11) lim 5"<,)e„ = S'J^Cn, ueV,neZ+. 



l—^OO 



To prove this, we first show that for all u ^ V and i Ku (see (|5.2.8D V 



(5-2.12) ^3«'=^«Ky^|;f ' -'eChi<")(«),neZ+. 

Indeed, if n = 0, then (|5.2.12p holds. Suppose that n > 1. If /ipar(ti') d'^' *]) ~ 
0, then n ^ 2 and, by ([5XT|) . A^^^ = 0, which implies that A^j|^, = 0. Since 
Mpar(«')(['^' *]) ~ ^' deduce from (|4.2.2p (applied to m = par(w')) that either 
Xu' = 0, or /iu'([0,i]) = 0. In both cases, the right-hand side of (j5.2.12l) vanishes, 
and so (|5.2.12l) holds. In turn, if ^par(M') (P' *]) ^' '^^^'^ can define 



Jo = mm 



{.? e {l,...,ri}: A*par'=(«')([0'«]) > k = l,...,j|. 



Clearly, 1 ^ jo ^ n. First, we consider the case where jo < n. Since, by (15.2.81) . 
/^«([0, i\) > 0, we must have jo ^ n — 2. Thus /iparJo+i(u')([Oi *]) — 0^ which together 
with (|4.1.ip and (|5.2.ip implies that the left-hand side of (|5.2.12l) vanishes. Since 
A*parJo+i(ti')([0' *]) ~ ^ ^i^'l A^par«)(u')([0' *]) > '^'^ dcducc from (14.2.21) (applied to 
u — par^°^^{u')) that Aparjo(„') = 0, and so the right-hand side of (|5.2.12l) vanishes. 
This means that (|5.2.12p is again valid. Finally, if jo = n, then by (j5.2.ip we have 



- TT \ / MparJ(MO([0,i]) _ 



which completes the proof of (|5.2.12p . Now we show that 
(5.2.13) \im{Sleu,Sl^,eu) ^WS^euf, ueV,neZ+. 

Indeed, it follows from Lemma [4.1. If ii) and (|5.2.12p that 



('5'xeu, '5'^(i> Gu) — A„|u/A^ ^ 



u'eChi<">(M) 



By applying Lebesgue's monotone convergence theorem for series, (|5.2.7p and Lem- 
ma STTIIIiii), we obtain (|5.2.13p . Since 

WSleu - Sl^.eur = WSle^r + ll^;;(.>e„||' - 2 Re(5^„, e„) 

we infer (|5.2.1ip from (|5.2.10p and ()5.2.13p . Clearly (|5.2.1ip implies (jiXTj) . 

We conclude this section with a general criterion for subnormality of weighted 
shifts on directed trees written in terms of determinacy of Stieltjes moment se- 
quences. 
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Corollary 5.2.3. Let Sx be a weighted shift on a directed tree with weights A = 
{At,}i,gyo such that Sy ^ 2)°°(S'x). Assume that {\\S^^ CuW'^^'^^q is a determinate 
Stieltjes moment seguence for every u V . Then the following conditions are 
eguivalent: 

(i) Sx is subnormal, 

(ii) {ll'S'^eulPl^o ^■s Stieltjes moment sequence for every u € V , 

(iii) there exist a system {iJ,u}uev of Borel probability measures on and a 
system {eu}uev of nonnegative real numbers that satisfy (|4.2.2p for every 
u£V. 

Proof, (i)^(ii) Use Proposition |4XT1 

(ii) ^(iii) Employ Lemma 14.2.41 

(iii) ^(i) Apply Theorem EXH □ 

Regarding Corollary 15.2.31 note that by Proposition I4.2.1[ Lemma I5.1.2l (iv) 
and (|2.4.ip each of the conditions (i), (ii) and (iii) implies that {|l<S'^^^eu|p}J^Q is 
a Stieltjes moment sequence for every u £V . 

5.3. Nonzero weights. As pointed out in |231 Proposition 5.1.1] bounded 
hyponormal weighted shifts on directed trees with nonzero weights are always in- 
jective. It turns out that the same conclusion can be derived in the unbounded 
case (with almost the same proof). Recall that a densely defined operator S 'vnT-L 
is said to be hyponormal if ©(S") C D^S*) and < \\Sf\\ for all / e D{S). It 

is well-known that subnormal operators are hyponormal (but not conversely) and 
that hyponormal operators are closable and their closures are hyponormal. We 
refer the reader to [451 1271 1281 1291 155] for elements of the theory of unbounded 
hyponormal operators. 

Proposition 5.3.1. Let ^ be a directed tree with V° 7^ 0. If Sx is a hyponormal 
weighted shift on whose all weights are nonzero, then ^ is leafless. In particular, 
Sx is infective and V is infinite and countable. 

Proof. Suppose that, contrary to our claim, Chi(u) = for some u . We 
deduce from Proposition 12.2.21 and V° ^ that u £V° . Hence, by assertions (ii), 
(iii) and (vi) of Proposition [^3. 11 we have 

which is a contradiction. Since each leafless directed tree is infinite, we deduce from 
assertions (vii) and (viii) of Proposition 12.3.11 that Sx is injective and V is infinite 
and countable. This completes the proof. □ 

The sufficient condition for subnormality of weighted shifts on directed trees 
stated in Theorem 15.2. II takes the simplified form for weighted shifts with nonzero 
weights. Indeed, if a weighted shift Sx on with nonzero weights satisfies the 
assumptions of Theorem 15.2. 1) then, by assertions (ii) and (iii) of Lemma I5.1.H 
£i, = for every v . 

Corollary 5.3.2. Let Sx be a weighted shift on a directed tree ST with nonzero 
weights A = {Auj^gyo such that Sy C 1)°°(Sx). Then Sx is subnormal provided 
that one of the following two conditions holds: 
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(i) ^ is rootless and there exists a system {fiv}vev of Borel probability mea- 
sures on M+ which satisfies the following equality for every u Cz V , 

1 
s 



(5.3.1) /x„(c7)= V |A,|M -d/i.(s), ae<8(R+) 



(ii) ^ has a root and there exist e € R+ and a system {iiv}vev of Borel 
probability measures on R+ which satisfy ()5.3.1|) for every u V° , and 



1 



Mroot(o') = V |A„|M -dM.(s)+e<5o(a), a e «(R+). 



i'GChi(root) 

5.4. Quasi-analytic vectors. Let S be an operator in a complex Hilbert 
space H. We say that a vector / G D°°{S) is a quasi- analytic vector of S if 

°° 1 1 

||5-ny||i/„ = 0° (convention: g = oo). 

Denote by =S(S') the set of all quasi- analytic vectors. Note that (cf. [581 Section 9]) 
(5.4.1) S{^{S)) C ^(5). 

In general, ^{S) is not a linear subspace of H even if S is essentially selfadjoint 
(see [48j : see also |47j for related matter). 

We now show that the converse of the implication in Proposition 14.2.11 holds 
for weighted shifts on directed trees having sufficiently many quasi-analytic vectors, 
and that within this class of operators subnormality is completely characterized by 
the existence of a consistent system of probability measures. 

Theorem 5.4.1. Let Sx be a weighted shift on a directed tree £^ with weights 
A = {Auj^gyo such that ray C J^(Sx). Then the following conditions are equivalent: 

(i) Sx is subnormal, 

(ii) {ll'S'A^till^lrj^o ^-^ Stieltjes moment sequence for every u G V, 

(iii) there exist a system {Hv}vgv of Borel probability measures on R+ and a 
system of nonnegative real numbers that satisfy (|4.2.2p for every 

uev. 

Proof. (i)=^(ii) Apply Proposition gXTJ 

(ii) ^(iu) Fix u e y and set i„ = ll-S^'^^e^lp for n e Z+. By (PXT|) . the 
sequence {tn}^o i^ ^ Stieltjes moment sequence. Since Cu € ^{Sx), we infer 
from (|5.4.ip that SxGu G =S(S'a), or equivalently that X^J^i = oo- Hence, 
by the Carleman criterion for determinacy of Stieltjes moment sequences0 (cf. [511 
Theorem 1.11]), the Stieltjes moment sequence {t„}^o = {ll'5'A^^ei,|p}^Q is de- 
terminate. Now applying Lemma 14.2.41 vields (iii). 

(iii) =^(i) Employ Theorem [SXH □ 

Using 58 , Theorem 7], one can prove a version of Theorem 15 . 4 . 1 1 in which the 
class of quasi-analytic vectors is replaced by the class of analytic ones. Since the 
former class is largeiQ than the latter, we see that "analytic" version of Theorem 



^ In fact, one can prove that a Stieltjes moment sequence {tn}^—Q for which JDJ^Li *n — 
oo is determinate as a Hamburger moment sequence, which means that there exists only one 
positive Borel measure on R which represents the sequence {tn}^—a (cf. |52l Corollary 4.5]). 

^ In general, the class of analytic vectors of an operator S is essentially smaller than the class 
of quasi-analytic vectors of S even for essentially selfadjoint operators S (cf. [47j V 
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15.4.11 is weaker than Theorem 15.4.11 itself. To the best of our knowledge, Theorem 
15.4.11 is the first result of this kind; it shows that the unbounded version of Lam- 
bert's characterization of subnormahty happens to be true for operators that have 
sufficiently many quasi-analytic vectors. 

The following result, which is an immediate consequence of Theorem 15.4.11 
provides a new characterization of subnormality of bounded weighted shifts on 
directed trees written in terms of consistent systems of probability measures. It 
may be thought of as a complement to Theorem l4.2.2l 

Corollary 5.4.2. Let Sx e B{e'^{V)) be a weighted shift on a directed tree 3' with 
weights A = {Xv}vev° ■ Then Sx is subnormal if and only if there exist a system 
{fiv}vi£V of B Orel probability measures on R_|_ and a system {ey}y^v of nonnegative 
real numbers that satisfy (|4.2.2p for every u € V . 

5.5. Subnormality via subtrees. Let be a weighted shift on a directed 
tree 3 with weights A = {A^j^gyo. Note that ii u ^ V, then the space £^(Des(w)) 
(which is regarded as a closed linear subspace of £^{V)) is invariant for Sx, i.e., 

(5.5.1) Sx{D{Sx) n e^{Des{u))) C f{Des{u)). 

(For this, apply (|2.3.ip and the inclusion par (F\ (Des(u)URoot(5^))) C V\Des{u).) 
Denote by Sx\e^(Des(u)) the operator in f{Des{u)) given by D{Sx\p{Des{uy)) = 
T>{Sx) n e^{Des{u)) and Sx\e2(^oes{u))f = Sxf for / e T>{Sx\e^Des{u)))- It is eas- 
ily seen that Sx\e^(Des(u)) coincides with the weighted shift on the directed tree 
(Des(u), (Des(u) x Des(M))n£') with weights {Ai,}„£Des(u)\{«} (^^^ |23[ Proposition 
2.1.8] for more details on this and related subtrees). 

Proposition l5.5.l1 below shows that the study of subnormality of weighted shifts 
on rootless directed trees can be reduced in a sense to the case of directed trees with 
root. Unfortunately, our criteria for subnormality of weighted shifts on directed 
trees are not applicable in this context. Fortunately, we can employ the inductive 
limit approach to subnormality provided by Proposition 13.1.^ 

Proposition 5.5.1. Let Sx be a weighted shift on a rootless directed tree 3 with 
weights A = {Xv}vev°- Suppose that Sy C D°^(Sx)- If is a subset of V such 
that V ~ Ucjefi Des(cj), then the following conditions are equivalent: 

(i) Sx is subnormal, 

(ii) for every uj G i7, Sx\i2{Des(u:}) is subnormal as an operator acting in 

Proof. (ii)=>(i) Using an induction argument and (15.5.11) one can show that 
5^e„ e t'^(DQs{v)) C £2(Des('u)) for all n e Z+, u g Des(u) and u€V. Hence 

:= LIN {e,„: v E Des(cj)} C Ti°°{Sx) and Sl{X^) C f{De5{uj)) 

for all w e i7 and n E Z+. It follows from |23 i Proposition 2.1.4] and the equality 

V = Uc^er^ Des(aj) that for each pair (aJi,aj2) E f2 x SI, there exists ui E Q such 
that Des(a;i) U Des(ci;2) C Des(a;), and thus {X^^j^^^q is an upward directed family 
of subsets of £^(U). By applying Proposition 12.3. iT iv) and Proposition 13.1.41 to 
S^ Sx and = £2(Des(a;)), we get (i). 

The reverse implication (i)^(ii) is obvious because X^ C 'D{Sx\p (Des(i^))) ■ D 

It follows from |231 Proposition 2.1.6] that if =3^ is a rootless directed tree, then 

V = Ufc^i Des(par'^(u)) for every u eV , and so the set Q in Proposition 15.5.11 mav 
always be chosen to be countable and infinite. 
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6. Subnormality on Assorted Directed Trees 

6.1. Classical weighted shifts. By a classical weighted shift we mean either 
a unilateral weighted shift S in or a bilateral weighted shift S in ^^(Z), i.e., 
S — VD, where, in the unilateral case, V is the unilateral isometric shift on of 
multiplicity 1 and I? is a diagonal operator in i'^ with diagonal elements {A„}^g; 
in the bilateral case, V is the bilateral unitary shift on (Z) of multiplicity 1 and D 
is a diagonal operator in ^^(Z) with diagonal elements {^n}^=-oo- view of [40| 
equality (1.7)], S is a unique closed linear operator in £^ (respectively: -^^(Z)) such 
that the linear span of the standard orthonormal basis {e„}^o of (respectively: 
{en}^-oo of ^^(^)) is a core of S and 

(6.1.1) Scn — A„e„+i, n e Z-|_ (respectively: n £ Z). 

This fact, combined with parts (ii), (iii) and (iv) of Proposition [273. 11 implies that 
a unilateral (respectively: a bilateral) classical weighted shift is a weighted shift on 
the directed tree (Z+, {(n, n + 1) : n £ Z+}) (respectively: (Z, {(n, n + 1) : n g Z})) 
with weights {A„_i}5^j (respectively: {A„_i}5^_oq). From now on we enumerate 
weights of a classical weighted shift in accordance with our notation relevant to 
these two particular trees. This means that (j6.1.ip takes now the form 

(6.1.2) SxCn = A„+ie„+i, n e Z+ (respectively: n G Z), 

where A = {Xn}^=i (respectively: A = {Xn}^=-oo)- 

Using our approach, we can derive the Berger-Gellar-Wallen criterion for sub- 
normality of injective unilateral classical weighted shifts (see |20|,l22j for the bound- 
ed case and |58|, Theorem 4] for the unbounded one). 

Theorem 6.1.1. If Sx is a unilateral classical weighted shift with nonzero weights 
A — {A„}J^]^ (with notation as in (|6.1.2p ). then the following three conditions are 
equivalent: 

(i) Sx is subnormal, 

(ii) {1, |Aip, IA1A2P, IA1A2A3P, . . .} is a Stieltjes moment sequence, 

(iii) {WSlckf}^^ Q is a Stieltjes moment sequence for all k G Z+. 



Proof. First note that C V^^Sx)- 

(i) ^(iii) Employ Proposition 14.2.11 

(iii)=>(ii) This is evident, because the sequence {1, |Aip, IA1A2P, IA1A2A3P, . . .} 
coincides with {liS'^^eolPj^^Q. 

(ii) ^(i) Let /i be a representing measure of the Stieltjes moment sequence 
{II'S'a^oIPIJ^Lo (which in general may not be determinate, cf. [63]). Define the 
sequence {yUnj^o Borel probability measures on by 

= ncn 112 / «"dM(s), a e <B(M+), n e Z+. 



It is then clear that 



Mo(^7)-|Aip / -d^L^{s)+^lm)8o{<J), aG*B(R+), 

A*n(cr) = |A„+ip / -dnn+i{s), a e *B(M+), n^l, 

which means that the systems {^„}^o ^-^d {^n}^=o '■= {/^({O}), 0, 0, . . .} satisfy 
the assumptions of Theorem 15.2.11 This completes the proof. □ 
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Before formulating the next theorem, we recall that a two-sided sequence 
{tn}'^=-Qo of real numbers is said to be a two-sided Stieltjes moment sequence 
if there exists a positive Borel measure fi on (0,oo) such that 

tn ^ s"d/i(s), n e Z; 



(0, 



oo 1 




fi is called a representing measure of {tn}^=-ao- It follows from ^ page 202] (see 
also [m Theorem 6.3]) that 

, ^ ^ {tn}^=^oo ^ K is a two-sided Stieltjes moment sequence if and only 
^ ' ' ' if {t„_fe}^o ^ Stieltjes moment sequence for every A; g Z+. 
Now we show how to deduce an analogue of the Berger- Cellar- Wallen criterion for 
subnormality of injective bilateral classical weighted shifts from our results (see [111 
Theorem II. 6. 12] for the bounded case and [58', Theorem 5] for the unbounded one). 

Theorem 6.1.2. If Sx is a bilateral classical weighted shift with nonzero weights 
— {A„}„gz {with notation as in ()6.1.2p ). then the following four conditions are 
equivalent: 

(i) Sx is subnormal, 

(ii) the two-sided sequence {tn}^_oo defined by 

for n ^ 1, 

tn — ■{ 1 for n = 0, 

^ for n ^ —1, 

is a two-sided Stieltjes moment sequence, 

(iii) {\\S^e.,r}^^ Q is a Stieltjes moment sequence for infinitely many non- 
negative integers k, 

(iv) {IliSj^efelPl^g is a Stieltjes moment sequence for all fc G Z. 

Proof. First note that (fy C ■D°°{Sx)- 
(i)^(iv) Employ Proposition 14.2.1"! 
(iv)^(iii) Evident. 

(iii) =>(iv) Apply Lemma [4.3. II 

(iv) =>(ii) Since t„_fe <_A;||S'^e_fc||^ for all n G Z and k G Z+, we can apply 
the criterion (|6.1.3|) . 

(u)=>(i) Let /i be a representing measure of {tn}'^=^oo- Define the two-sided 
sequence {/^n}^_oo of Borel probability measures on by (note that f^{{0}) = 0) 

M»(^)= |,2 / ^"dM(g), rx G »(]»+), nGZ. 

We easily verify that 

lin{cr) = |A„+ip / -d^in+i{s), (J G *B(M+), n G Z, 

which means that the systems {f^n}^=-oD {^n}n°=-oo "^it^i = satisfy the 
assumptions of Theorem 15.2.11 This completes the proof. □ 

It is worth mentioning that, in view of Theorems 16.1.11 and 16 . 1 .21 the necessary 
condition for subnormality of Hilbert space operators that appeared in Proposition 
13.2.11 (see also Proposition I4.2.ip turns out to be sufficient in the case of injective 
classical weighted shifts. To the best of our knowledge, the class of injective classical 
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weighted shifts seems to be the only one for which this phenomenon occurs regard- 
less of whether or not the operators in question have sufficiently many qusi-analytic 
vectors (see }60| for more details; see also Sections 13.21 and l5.4p . 

6.2. One branching vertex. Our next aim is to discuss subnormality of 
weighted shifts with nonzero weights on leafless directed trees that have only one 
branching vertex. Such directed trees are one step more complicated than those 
involved in the deflnitions of classical weighted shifts (see Section 16. ip . By Propo- 
sition [5A11 there is no loss of generality in assuming that caid{V) = Hq. Inflnite, 
countable and leafless directed trees with one branching vertex can be modelled as 
follows (see Figure 1). Given ry, k G 2+ U {oo} with 77 ^ 2, we define the directed 
tree = {Vr,^,^, Er,,^) by 

v;,,K = { - fc: fc e U {0} U {(ij): I € J,„ j e N}, 

E, = {{-k,-k + l): fee J„}, 
where := {fc e N: fc < t} for t e Z+ U {00}. 



Figure 1 

If K < 00, then the directed tree 5^.^ has the root —k. If k = 00, then the directed 
tree ^rj,oo is rootless. In all cases, is the branching vertex of ,%i.k.. 

We begin by proving criteria for subnormality of weighted shifts on with 
nonzero weights. Below, we adhere to the notation Xi,j instead of a more formal 
expression A(i j) . 

Theorem 6.2.1. Let Sx be a weighted shift on the directed tree S^n,K with nonzero 
weights A = {\v\vi^v° ^ such that eg € D°°(S'a). Suppose that there exists a se- 
quence of Borel probability measures on such that 



(6.2.1) / s"dM,(s)= TTA, 



J=2 



n e N, i e Jrj. 



Then S\ is subnormal provided that one of the following four conditions holds: 

(i) K = and 

n pea -, 

(6.2.2) y^Wi? -d/i.(s)<l, 

(ii) < K < 00 and 

(6.2.3) yZWin -d/i.(s) = l, 



26 P. BUDZYNSKI, Z. J. JABLONSKI, I. B. JUNG, AND J. STOCHEL 

l-l o V 



3.2.4) 



(6.2.5) 



2 ' I 



3=0 i=\ 

iii) < K < oo anrf there exists a Borel probability measure v on M-|_ such that 



(6.2.6) / s"di/(s) =11-^ 

j — K—n 

(6.2.7) /'s''di/(s) - I n A_/ ^|Ao|' / -cIm»(s), a e ®(M+) 



3=0 



(iv) K = oo anrf equalities (j6.2.3l) a^c? (j6.2.4p are satisfied. 

Proof. Note that the assumption eo G ©""(^a) imphes that Sy,^ ^ C D°°(S'a). 
(i) Define the system of Borel probabiUty measures {/iti}i;GV;, o on f^nd the 
system {e,j}t,gv,,o of nonnegative real numbers by 

lJ^o{(^) ^^\Ki? -d^l,{s)+eQ5o{c7), aeQ3(R+), 
1=1 "''^ ^ 

£o 1- V|A,;.ip / - d/i,(s), 



and 

(6.2.8) M,,„(a) 



-— / s"-M^,(s), a G *B(R+), z e J„ n e 



(We write /i^.j and e^j- instead of the more formal expressions and e(i,j).) 

Clearly = /Zi for all i e J,,. Using ()6.2.ip and ()6.2.2p . we verify that the 
systems {/i^l^gy^ ^ and {e^jjugy^ „ are well-defined and satisfy the assumptions of 
Theorem 15.2. II Hence S\ is subnormal. 

(n) Define the systems {/iyj^gy^^ and {£u}uey„_^ by (|6.2.8p and 

n . ^ 

(6.2.9) Mo(a) = ^|A,,i|M -d/i,(s), ae*B(R+), 

(6.2.10) ^i-lia) = n E l^^.il' / — e 
,=0 "'^ ^ 



3.2.11) /i-K(o-) = 

In A-/ El VI' / -^dM.(s) + £-.'5o(a), ae«(K+) 

3.2.12) e, 



j=0 1=1 

'o 



1 - 



nn'^-. ELiiAMprp^dM«(.) if« = -^. 
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for n E Ji^. Define the systems 



Applying (|6.2.ip . (|6X3l) . (|6.2.4|) and (|6.2.5p . we check that the systems {Aft,}i,ev,,, 
and {£v}vGV,,,^ are well-defined and satisfy the assumptions of Theorem 15.2.11 
Therefore Sx is subnormal. 

(iii) First note that WS^e^^W^ = U^=l-„ 
{/iuj^gy^^ and {e«}t,Gy,,„ by (|6.2.8p and 

= ^ / s^'+'^d^s), ae«(R+),/e J,U{0}, 

^ fo if^;eK,%, 

" \v{{0}) ifv = -K. 

Clearly — v, which together with (|6.2.ip . (|6.2.6p and (16.2.71) implies that the 
systems {fj,y}y^y^ ^ and {£v}v<£Vr, » satisfy the assumptions of Theorem l5.2.1l As a 
consequence, Sx is subnormal. 

(iv) Define the system {^J,v}vev„,^ by (|6.2.8p . (|6.2.9p and (|6.2.10p . In view of 
(ii), the systems {/Xtijuey^ ^ and {eiijuey^ ^ with = satisfy the assumptions of 
Theorem 15.2. 1[ and so Sx is subnormal. □ 

It is worth mentioning that conditions (ii) and (iii) of Theorem 16 . 2 . 1] are equiv- 
alent without assuming that (|6.2.ip is satisfied. 

Lemma 6.2.2. Let Sx be a weighted shift on the directed tree S^n,K with nonzero 
weights A ~ {^v}v£V° ^ such that cq e D°°{Sx) and let be a sequence of 

B Orel probability measures on M_|_. Then conditions (ii) and (iii) of Theorem 16.2.11 
{with the same k) are equivalent. 

Proof. (ii)=>(iii) Let {M-i}f=o be the Borel probability measures on R+ de- 
fined by ([OIQ]) . (|6.2.10p and (|6.2.1ip with given by (|6.2.12p . Set i/ = It 
follows from ()6.2.1ip that for every n S J^, 

(6.2.13) /'s"dKs) = |nA-/ ^|A.,ip /'^-i^dA*.(s), ae»(R+). 
This immediately implies (pXTI . By (IS:^ . (|6.2.10l) and (16.2. 13p . we have 

1 11^=0 ^-il 

irij^o ^-jlVo(o-) ifn = K, 

for all a G 55(M+). Substituting a = M+ and using the fact that {fJ,-i}fZQ are 
probability measures, we obtain (j6.2.6p . 

(iii)=>(ii) Given n € Jk, we define the positive Borel measure p„ on M_|_ by 
p„(cr) = /^s"di/(s) for cr G «8(M+). By (|6X7l) . equality (|6.2.13p holds for n = k. 
If this equality holds for a fixed n G Jk \ {1}, then Pn({0}) = and consequently 

/ ^"-^dK.)= /idp„(.)™|n\_,j'f:iA,,p Z-;,^^ 

for all a G *B(R+). Hence, by reverse induction on n, (|6.2.13p holds for all n E J^. 
Substituting cr = R+ into (|6.2.13p and using (|6X6| . we obtain (|6X3l) and (|6T4| . 
It follows from ()6.2.13p . applied to n = 1, that for every a G S(M+), 
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(6.2.14) = v{a \ {0}) + vm)H<^) = f -dpi{s) + H{0})So{<j) 



s 



116. 2. 131 



j=0 ^=l •''^^ 



Substituting a = R+ into (|6.2.14p and using the fact that i^(M+) = 1, we obtain 
(|6.2.5I) . This completes the proof. □ 

Now we show that under some additional requirements imposed on the weighted 
shift in question the sufficient conditions appearing in Theorem 16.2.11 become nec- 
essary (see also Remark |6 . 2 .41 below) . 

Theorem 6.2.3. Let S\ be a subnormal weighted shift on the directed tree 
with nonzero weights A = {At,}^g\/o^ . If e D°°{S\) and 

ri n+l 2 oQ 

(6.2.15) I I A,;.j I is a determinate Stieltjes moment sequence, 

i=i j=i 

then the following four assertions hold: 

(i) if K = 0, then there exists a sequence {/.tiliLi of Borel probability measures 
on R+ that satisfy (|6XT|) and ([622]), 

(ii) if < K < oo, then there exists a sequence {/ij}^^]^ of Borel probability 
measures on M+ that satisfy (jOlT) . ^^T^, and ([Q^]) . 

(iii) if < K < oo, then there exist a sequence {pi}^^i of Borel probability 
measures on IR+ and a Borel probability measure v on R-|_ that satisfy 
(I^XTD . KT^, and ((0771) . 

(iv) if K = oo, then there exists a sequence {^J■i}'l^l of Borel probability mea- 
sures on R+ that satisfy (lOl^ . ((O:^ and (pXI)) . 

Moreover, if eo G ^{Sx), i.e., EZi (Eti I IV^=i = ^, then (|m5ll 

is satisfied. 

Proof. It is clear that eq e T)°°{Sx) imphes that C D°°(S'a) and 

(6.2.16) ll^r'eolP-Ein^^/' "^^+- 

i=i i=i 

By Proposition I4.2.1[ for every u £ the sequence {||<5'^e„||^}5^g is a Stielt- 
jes moment sequence. For each i £ J^, we choose a representing measure 
of {\\Sle,,i\\^}'^^Q. It is easily seen that (PXT|) holds. Since, by (|6.2.15p and 
(|6.2.16[) . the Stieltjes moment sequence {H-S^^^eolPlJ^o determinate, we infer 
from Lemma [1231 applied to u = 0, that (j^X^ holds and {||S'Aeo|P}^=o is a 
determinate Stieltjes moment sequence with the representing measure /iq given by 



3.2.17) Mo(ct) =^|A,,iP / -d/x,(s)-t-£oJo(CT), ae 



»( 



where £o is a nonnegative real number. In view of the above, assertion (i) is proved. 

Suppose < K < oo. Since {H'S'^eoPlJ^o is a determinate Stieltjes moment 
sequence, we deduce from Lemma B.3.11 applied to uq = —1, that {ll'S'^^^e-ilpj^^Q 
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and {||'5'xe-i||^}^o determinate Stieltjes moment sequences and 
(6.2.18) / -d/io(s)^ 



s - |Ao| 



2 ■ 



(6.2.19) /i_i(a) = |AoP / - d/^o(s) + £-i(5o(a), a G *B(M+), 

where is the representing measure of {||<S'£e_i|p}^o e_i is a nonnegative 
real number. Inequahty ()6.2.18p combined with equality (|6.2.17p implies that £o = 
and therefore that (|6.2.5p holds for k = 1. Substituting a — M+ into ()6.2.17p . we 
obtain (|6.2.3p . This completes the proof of assertion (ii) for k = 1. Note also that 
equalities (|6.2.17l) and (|6.2.19p . combined with £o = 0, yield 

r 1 

/x_i(a) = |Ao|2^|A,,ip / -dfi,{s)+e-iSo{<7), a e »(R+). 

If K > 1, then arguing by induction, we conclude that for every k G Jk the Stieltjes 
moment sequences {||S'^^^e_fe|p}^o ^"^^ {\\^x^-k\\^}'n=o determinate and 

I ,2 r I 

(6.2.20) Ai_/(a) = rQA_J ^|A,,i|2 / — dM^(s), a e '3{R+), I e J^-i, 

'j=o ^=l -^-^ 

where is the representing measure of {||S'J^e_/|p}^o- Substituting a — M+ 
into (|6.2.20p . we obtain (|6.2.4p . This completes the proof of assertion (iv). Finally, 
if 1 < K < oo, then again by Lemma 14.3. 1[ now applied to u = — k, we have 
id^_K+i(s) ^ 1 ^ "^^^^ inequality together with (|6.2.20p yields (|6.2.5p . 

which completes the proof of assertion (ii). 

Assertion (iii) can be deduced from assertion (ii) via Lemma 16.2.21 
Arguing as in the proof of Theorem 15.4.11 we see that if eg G ^{S\), then 
(|6.2.15p is satisfied. □ 

Remark 6.2.4. A careful look at the proof reveals that Theorem 16.2.31 remains 
vahd if instead of assuming that Sx is subnormal, we assume that {||5'5^e„|p}5JLQ 
is a Stieltjes moment sequence for every it G { — fc: fc S Jk} U {0} U Chi(O). 

Corollary 6.2.5. Let Sx be a weighted shift on the directed tree ■%i,k with nonzero 
weights A = {Xv}vev°^ such that eo G D°°{Sx) (or, equivalently, Sy^ ^ C D°°(S'x)). 
Suppose that {\\S^ev\\^}^^Q is a Stieltjes moment sequence for every v G { — fc: fc G 
J^} U {0} U Chi(O), and that {||5^+^eof Q is a determinate Stieltjes moment 
sequence. Then the following assertions hold: 

(i) Sx is subnormal, 

(ii) {115^^ e_,j|p}5JLQ is a determinate Stieltjes moment sequence for every 
integer j such that ^ j ^ k, 

(iii) 5a satisfies the consistency condition ()4.2.ip at the vertex u = —j for 
every integer j such that Q ^ j ^ k. 

Proof, (i) By using Remark |6.2.4[ we find a sequence {/^i}^^]^ of Borel prob- 
ability measures on M+ satisfying (|6.2.ip and exactly one of the conditions (i), (ii) 
and (iv) of Theorem 16. 2. 11 (the choice depends on k), and then we apply Theorem 

[6231 

(ii) See the proof of Theorem 16.2.31 

(iii) Apply (ii) and Lemma [4.2.31 (11). □ 
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